Introduction and Preliminaries
Existence of fixed points in ordered metric spaces has been applied by Ran and Reurings [1] . Recently, many researchers have obtained fixed point and common fixed point results in partially ordered metrics spaces (see, e.g., [2] - [14] ). Bhaskar and Lakshmikantham in Proposition 1.2. [25] . Every G−metric on X defines a metric d G on X by d G (x, y) = G(x, y, y) + G (y, x, x) , for all x, y ∈ X.
(1.1)
For more works in G-metric spaces, we refer the reader to [26] - [43] .
Recall that if (X, ≤) is a partially ordered set, a mapping f : X → X is said to be nondecreasing ( non-increasing) if for x, y ∈ X, x ≤ y gives that f (x) ≤ f (y) (f (x) ≥ f (y)). Definition 1.3. [15] . An element (x, y) ∈ X × X is called a coupled fixed point of a mapping F : X × X → X if x = F (x, y) and y = F (y, x). Definition 1.4. [2] . An element (x, y) ∈ X × X is called: Definition 1.5. [16] . Let (X, ≤) be a partially ordered set. A map F : X × X → X is said to has the g-mixed monotone property where g : X → X if for x 1 , x 2 , y 1 , y 2 ∈ X gx 1 ≤ gx 2 implies F (x 1 , y) ≤ F (x 2 , y) for all y ∈ X and gy 1 ≤ gy 2 implies F (x, y 2 ) ≤ F (x, y 1 ) for all x ∈ X.
If we take g = I X ( an identity mapping on X ), then F is said to has the mixed monotone property ( [15] ). Definition 1.6. Let X be a nonempty set. Mappings F : X × X → X and g : X → X are said to be commutative if
for all x, y ∈ X. Now, we introduce a notion of compatibility for a hybrid pair {F, g}. Definition 1.7. Let X be a nonempty set. Mappings g : X → X and F : X × X → X are said to be compatible if for some sequences {x n } and
We present an example of mappings which are compatible but not commutative.
otherwise, and g (x) = 2x.
On the other hand F and g are not commutative
Main results
is continuous, non-decreasing and ψ(t) = 0 if and only if t = 0}. If ψ ∈ Ψ, then ψ is called an altering distance function. The notion of altering distance function was introduced by Khan et al. [44] . For some examples of altering distance functions, we refer to [44] . 
Proof. By given assumption, there exist x 0 , y 0 ∈ X such that gx 0 ≤ F (x 0 , y 0 ) and
, we can choose x 1 , y 1 ∈ X such that gx 1 = F (x 0 , y 0 ) and gy 1 = F (y 0 , x 0 ). Similarly we can choose x 2 , y 2 ∈ X such that gx 2 = F (x 1 , y 1 ) and gy 2 = F (y 1 , x 1 ). Since F has a mixed g-monotone property, we have gx 0 ≤ gx 1 ≤ gx 2 and gy 2 ≤ gy 1 ≤ gy 0 . Continuing this process, we construct two sequences {x n } and {y n } in X such that
and
Since ψ is non-decreasing, we have
Using (2.1) we have
Also, since ψ is non-decreasing, we have
By (2.4) and (2.6), we have
By (2.3), (2.4) and the fact ψ(max{a, b})
which on taking limit as n → ∞ gives
Therefore ϕ(r, r) = 0 and hence r = 0. Consequently
Next, we show that {gx n } and {gy n } are G-Cauchy sequences. Assume on Contrary that {gx n } or {gy n } is not a G-Cauchy sequence. Then there exists ε > 0 for which we can find subsequences of integers m k and n k with
Further, corresponding to m k we can choose n k in such a way that it is the smallest integer with n k > m k which satisfy (2.9). Then
By using the property (e) of generalized metric and (2.11), we have
Taking limit as k → ∞ in above inequalities and using (2.9), we obtain
From (2.13), (2.14), and the fact ψ(max{a, b}) = max{ψ(a), ψ(b)} for all a, b ≥ 0, we have
Letting k → ∞ in above inequalities and using (2.12), we obtain
which implies that ϕ(ε, ε) = 0 and hence ε = 0, a contradiction. Hence {gx n } and {gy n } are G-Cauchy sequences in g(X), there exist x and y in X such that {gx n } and {gy n } converge to gx and gy, respectively. Since F and g are continuous maps, so we have
As, {F, g} is compatible,
gives that F (u, v) = gu where u = gx and v = gy. Similarly, we have 
Proof. It follows from Theorem 2.1 by replacing (w, z) by (u, v).
If we take g = I X (the identity mapping) in Theorem 2.1, we obtain the following coupled fixed point result.
Corollary 2.2. Let (X, ≤) be a partially ordered set such that there exists a complete
G− metric on X. Let F : X × X → X be a continuous map such that F has the mixed monotone property and there exist ψ ∈ Ψ and ϕ ∈ Φ such that
−ϕ(G(x, u, w) + G(y, v, z), G(x, u, w) + G(y, v, z))
for all x, y, u, v, w, z ∈ X with x ≥ u and y ≤ v. Then F has a coupled fixed point provided that there exist x 0 , y 0 ∈ X such that x 0 ≤ F (x 0 , y 0 ) and F (y 0 , x 0 ) ≤ y 0 .
Corollary 2.3. Let (X, ≤) be a partially ordered set such that there exists a complete
G− metric on X. Let F : X × X → X be a continuous map such that F has the mixed monotone property and there exists ϕ ∈ Φ such that
for all x, y, u, v, w, z ∈ X with x ≥ u ≥ w and y ≤ v ≤ z. Then F has a coupled fixed point provided that there exist
Proof. It follows from Corollary 2.2 by taking ψ = I [0,+∞) , the identity function. Now, in our next results we drop the continuity of F and g, and compatibility of hybrid pair {F, g}. Theorem 2.2. Let (X, ≤) be a partially ordered set such that there exists a G− metric on X. Let F : X × X → X and g : X → X be mappings such that F has the mixed g-monotone property and there exist ψ ∈ Ψ and ϕ ∈ Φ such that ψ(G (F (x, y), F (u, v), F (w, z)) ) (2.18)
−ϕ(G(gx, gu, gw) + G(gy, gv, gz), G(gx, gu, gw) + G(gy, gv, gz))
for all x, y, u, v, w, z ∈ X with gx ≥ gu ≥ gw and gy ≤ gv ≤ gz. If F (X × X) is contained in a complete subspace g(X) and X has the following property:
1. for a non-decreasing sequence {x n } with x n → x, we have x n ≤ x for all n, 2. for a non-increasing sequence {y n } with y n → y, we have y ≤ y n for all n.
Then F and g have a coupled coincidence point provided that there exist x 0 , y 0 ∈ X such that gx 0 ≤ F (x 0 , y 0 ) and F (y 0 , x 0 ) ≤ gy 0 .
Proof. From Theorem 2.1, it follows that {gx n } and {gy n } are G-Cauchy sequences in g(X), there exist x and y in X such that {gx n } and {gy n } converge to gx and gy, respectively. We are to show that F (x, y) = gx and F (y, x) = gy. As gx n ≤ gx and gy n ≥ gy for all n ≥ 0, from (2.17), we have
gy, gy)).
On taking limit as n → ∞, we obtain
gx) + G(gy, gy, gy)))

−ϕ(G(gx, gx, gx) + G(gy, gy, gy), (G(gx, gx, gx) + G(gy, gy, gy))
which implies that gx = F (x, y). Again from (2.17), we have
On taking limit as n → ∞, we have
−ϕ(G(gy, gy, gy) + G(gx, gx, gx), G(gy, gy, gy) + G(gx, gx, gx))
which implies gy = F (y, x). That is, (x, y) is a coupled coincidence point of F and g. Corollary 2.4. Let (X, ≤) be a partially ordered set such that there exists a G− metric on X. Let F : X × X → X and g : X → X be mappings such that F has the mixed g-monotone property and there exist ψ ∈ Ψ and ϕ ∈ Φ such that
−ϕ(G(gx, gu, gu) + G(gy, gv, gv), G(gx, gu, gu) + G(gy, gv, gv))
for all x, y, u, v ∈ X with gx ≥ gu and gy ≤ gv. If F (X × X) is contained in a complete subspace g(X) and F has the following property:
Proof. It follows from Theorem 2.2 by replacing (w, z) by (u, v).
If we take g = I X (the identity mapping) in Theorem 2.2, we obtain the following coupled fixed point result.
Corollary 2.5. Let (X, ≤) be a partially ordered set such that there exists a complete G− metric on X. Let F : X × X → X be a map such that F has the mixed monotone property and there exist ψ ∈ Ψ and ϕ ∈ Φ such that
for all x, y, u, v, w, z ∈ X with x ≥ u ≥ w and y ≤ v ≤ z. If X has the following property:
Then F has a coupled fixed point provided that there exist x 0 , y 0 ∈ X such that x 0 ≤ F (x 0 , y 0 ) and F (y 0 , x 0 ) ≤ y 0 . Corollary 2.6. Let (X, ≤) be a partially ordered set such that there exists a complete G− metric on X. Let F : X × X → X be a continuous map such that F has the mixed monotone property and there exists ϕ ∈ Φ such that
Then F has a coupled fixed point provided that there exist x 0 , y 0 ∈ X such that x 0 ≤ F (x 0 , y 0 ) and F (y 0 , x 0 ) ≤ y 0 .
Proof. It follows from Corollary 2.5 by taking ψ = I [0,+∞) , the identity function. 
(3) F has the mixed g-monotone property.
(4) For any x, y, u, v ∈ X with gx ≥ gu and gy ≤ gv, we have
gu) + G(gy, gv, gv)))
−ϕ(G(gx, gu, gu) + G(gy, gv, gv), G(gx, gu, gu) + G(gy, gv, gv)).
Proof. The proof of (1), (2) and (3) 
−ϕ(G(gx, gu, gu) + G(gu, gv, gv), G(gx, gu, gu) + G(gu, gv, gv)).
Thus mappings F, g, ψ and ϕ satisfy all conditions of Corollary 2.4. Here (0, 0) is a coupled coincidence point of F and g.
